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A new proof of the recent theorem of Jordan and Shukre is given showing 
that if momentum is an integral of the motion then the interaction is zero. 
The new proof is based on a theorem about three curves in space time, which 
also implies the desired result for some four-particle interactions. 
1. INTRODUCTION 
The purpose in presenting this proof is to support the contention that, 
in spite of formal elegance of the infinitesimal group action [I, Section 
6.41, i.e., commutator bracket symbolism [3], the geometric consideration 
of the world lines themselves is more efficient. Thus, the contribution 
made to the four-particle interaction could not have been made using 
only infinitesimal methods. 
Another example of the superiority of the world line approach is the 
proof in [2, page 2701 of the consequences of Galilei and Lorentz 
invariance. The original proof is in [4]. The main example is of course 
the construction of a nonzero interaction in [l]. 
2. A GEOMETRIC THEOREM CONCERNING THREE WORLD LINES 
Let space-time be represented by Cartesian four-space R4, and 
consider the Lorentz-Minkowski metric given by (d~~)~ - (d~t)~ - 
(t&2)2 - (cL?)~. Let W b e a world line [I, p. 2451, and let m be any 
nonzero number associated with W. Let H be a hyperplane in R4 which 
is spacelike, or equivalently, whose normal (in the Lorentz-Minkowski 
sense) is timelike, i.e., whose components (P, b2, b3, b4) have 
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(b4)2 - (/I~)~ - (b2)2 - (b3)2 > 0. Let H intersect W at the point a, 
and let the unit tangent to W at a be u, the sense being that in the direction 
of increasing x 4. Then u is the sum of a component uL orthogonal to H 
and a component uH yr g 1 ‘n in H. muH is the Einsteinean momentum of W 
relative to H. 
A world line W together with a nonzero number m may be called a 
weighted world line {IV, m}. 
Let (WI , m,), 01 = 1, 2 ,..., N be a system of N weighted world lines. 
Let H be a hyperplane as before. By the momentum M(H) of this system 
relative to H we mean the sum 
A set IV, , W, , W, of world lines shall be called nondegenerate if 
(except possibly for some isolated cases) whenever a, , a2 , a3 are chosen 
on IV,, IV,, ?%‘a, respectively; then any one of the three vectors 
al - a2 , a2 - a3 , aa - a, together with the three tangents ur , u2, ua at 
those points forms a linearly independent set of four vectors. This con- 
dition rules out the possibility of the three world lines lying in a three- 
dimensional linear submanifold of R4. 
THEOREM. Let (W, , m,) be a nondegenerate system of three weighted 
world lines. Suppose it has the property that when H, , H, are parallel 
spacelike hyperplanes, then M(H,) = M(H2). Then the world lines W, are 
straight. 
Proof. Let m(H) be th e sum z,a m,u, evaluated as in M(H). Our 
hypothesis is that m(H,) - m(H,) is a multiple of the normal D of H, 
(and H,). Say D . D = 1. Let the Lorentz-Minkowski distance between 
H, and H, be r. The arc cut off by HI , H2 on W, has L.-M. length 
T(U* . D)-*, ignoring higher powers of T. Thus the change in m,u, going 
from HI to H, is 
m&z&, . D)-1, 
where M, (as in [2]) is the Minkowski acceleration of W, , evaluated 
somewhere between H, and H, . Hence, we have 
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and we obtain, from 7 -+ 0 
gcg = multiple of D. 
In this equation we have u, , M, evaluated at the place where the 
spacelike hyperplane, whose normal is D, intersects IV, . The condition 
D * D = I is evidently inessential. 
Although we are dealing with R4 (and not R3) and a nondefinite (but 
nondegenerate) metric, we can use a vector product. In UP, with a non- 
degenerate metric (i.e., det gii # 0), we can define a vector product of 
1z - I vectors A, x 0.. x A,-, by saying that 
4 x ..- x A,-, = B 
means that B * C is the value of the determinant formed by A, , A, ,..., 
A,-, and C. Here the dot product is the one based on the given metric. 
This construction is invariant under the proper Lorentz group. 
Now suppose H is a spacelike hyperplane, and let it intersect W, 
in a, . Let x2 = a2 - a, , z3 = a3 - a, , By resorting to a Lorentz 
coordinate system (y’, y2, y3, y”) such that HI is where y4 = 0, we can 
easily find a vector B such that 
Bxz,xx,=D 
is a normal to H. Let C be an arbitrary vector. We apply x D x C to 
Eq. (1) and obtain the vector equation 
Cm= M,xDxC det(Bz,z,u,) =XDxDxC=Q. OL 
For 01 in the set 1, 2, 3 let a: + 1 denote its successor in the sequence 
I) 2, 3, 1, 2, 3 ,...) and let 01 + 2 be the successor of 01 + 1. Then (2), 
cleared of denominators, reads as follows 
1 m, det(Bzzz39+i) det(Bz,z,u,+,) M, x (B x x2 x x3) x C = 0. (3) 
Formally, this is a cubic polynomial (with vector coefficients) in the 
components of B. Now let E = B + F where F is a vector arbitrary 
except that its four components are all numerically smaller than some 
positive number d. If d is small enough then E x z1 x a, is the normal 
of some, still spacelike hyperplane H’ cutting W, in the same a, as before, 
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and, hence, (3) holds with B replaced by E. Being a polynomial relation 
in the components of F, and valid in some little region, it holds for all F. 
Thus, we see that (3) holds for B completely arbitrary. We can, therefore, 
let B = u1 , in spite of the fact that u1 x z2 x xs may not be timelike. 
There remains only one term from (3), 
m, det(u,z,z,u,) det(u,z,z,u,) M, x (ul x z2 x zJ x C, (4) 
and it is still 0. 
Now let us suppose that a, , a 2 , a3 were chosen in the way allowed by 
the nondegeneracy. We will show that an arbitrarily small change in a3 
will make det(u, , x2 , za , ~a) # 0. If this were not posisble then this 
determinant would vanish in some neighborhood of a3 . Differentiating 
this equation with respect to the parameter for IV, gives 
det(u, , .z2 , uQ , z+) = 0. 
Now this was excluded by nondegeneracy. Similarly, det (ui , za , z3 , ~a) 
can also be made nonzero by an arbitrarily small displacement in a2 . 
Thus, we see that for our original values of a, , a8 , a3 , the vector, 
is 0 for every vector C. This means that M, is a scalar multiple of 
u1 x x2 x z3. Thus, M, is orthogonal to u1 , za , and za . Displacing 
a2 and a3 does not change M, , but it shows that M, is orthogonal also 
to the rates for z2 and xa , viz u2 and u3 . Now xa , ui , u2 , ua are linearly 
independent and MI = 0 except for isolated points on IV, . Thus, IV, 
is a straight line. The same goes for IV, , IV, , and, thus, the theorem 
holds. 
This theorem has a valid analog for the case of the Cartesian Euclidean 
metric in [w4. In fact, this can be extended to a nondegenerate system of 
n - 1 curves in [w”. It would be desirable (cf. [3]) to prove it for n curves 
in R”. So far, no proof has been made, except for n = 2. The following is 
the exact statement. 
THEOREM. Let WI and W, be two arcs in the Euclidean plane, twice 
drflerentiable with respect to arc length. Suppose they have the properties 
(a) if a line H intersects one of them it cannot intersect the other in more than 
one point (nor be tangent); and (b) there are two nonzero numbers m, and m2 
such that if H intersects in a, (a = 1, 2) and the unit tangents u1 , u2 are 
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arranged to lie on the same side of H then the sum mlul + m2u2 has a 
component along H which is the same for all lines parallel to H; 
then these curves have constant curvatures k, , k, and m,k, + m,k, = 0. 
Proof. We first arrange the parametrization by arc-length so that 
both arc-lengths always increase toward the same side of any line H that 
meets both curves. 
We then agree to take u, in the direction of increasing arc-length and 
agree to take the normal N, to be u, rotated counterclockwise by 90 
degrees. We now invoke Eq. (l), mutatis mutandis. Then M, = k,N, 
where k, are the curvatures and may have either sign. Taking the dot 
product with a unit vector E along H gives 
C ma& i!k-z = 0. 
a u, . D 
It can be verified easily that N, * E/q * D is either + 1 in both cases, or 
-1 in both cases. Thus, m,k, + m,k, = 0. 
It remains to show that k1 , k, are constant. By rotating H, leaving a, 
fixed, we certainly leave k, unchanged, and, hence, k, is constant along 
W, . This terminates our proof. The converse obviously holds, too. 
Another remark is that from the theorem as formulated for n - 1 
curves in Iw” there follows a corollary (with the same conclusion) about 
a system of m curves with m any number less than n - 1. It can be 
proved by adjoining n - 1 - m straight lines to the system and applying 
the theorem for n - 1 curves; thus, showing that the original m curves 
are also straight. 
3. A HEURISTIC ARGUMENT ABOUT n CURVES IN IWn 
We confine ourselves to n = 4 and show what can be done with the 
argument of the last section when there are four curves W, , W, , IV, , 
w4 . 
Let us assume for what follows the hypothesis of that theorem for a 
system of four weighted world lines. 
In “general,” when four points a, are selected on the W, , there will be 
only one hyperplane H passing through those four points. It may, however, 
happen that there is more than one such spacelike H. In this case, of 
course, it will happen that for some 01, (say CY. = l), the vectors 
z2 = a2 - a, , x3 = a3 - a, , xq = a4 - a, are linearly dependent. Let 
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us renumber the curves again and suppose that z4 is a linear combination 
of za and xa . Then, as before, we can take 
The equation (2) still holds, but when cleared of denominators 
analogous to (3) will read 
where d(n) means det (Bz,x,u,). 
By the same argument as earlier, we eventually justify that one can 
take B = ur and then 
m&l(2) A(3) d(4) M, x (ul x 22 x z3) x c = 0. 
By imposing some nondegeneracy hypothesis, we obtain that 
M, x (ur Y z2 x za) = 0 or that M, has the same direction as 
u1 x z2 x z3 . 
Now suppose we can choose another different set of four points 
b, , b, , b, , b, with b, on W, and having the coplanarity property (of 
lying on one two-dimensional plane in R4), but with b, = a, . Then we 
see that M, has also the direction of ur x (b, - 6,) x (b, - b,) and by 
an additional nondegeneracy hypothesis, we can ensure that this direction 
differs from that of u1 x z2 x .z3, thus, ensuring that Ml = 0. 
Does this argument support the conjecture that the four W, must be 
straight? That depends on how likely we consider it that at almost all 
points a, on W, we can find a2a3a4 as before and also a different set 
b, , 6, , b, as before. 
To see that this is not unreasonable, if W, , W, , W, are indeed curved, 
we drop down a dimension to make things easier to visualize. Thus, 
we now suppose that we have three curves W, , W, , W, in R3. 
Let a, be a point of WI . Think of a sphere S with center a, , and 
project W, , W, radially into 5’ giving two curves X, , X, on S. If these 
curves cross, we have a case of collinearity, analogous to the coplanarity 
exploited previously. 
For straight lines W, , W, , the curves X, , X, will almost always cross, 
and, hence, a nondegeneracy condition insuring that much is acceptable. 
However, to obtain M, = 0 as before, we need two crossings. 
If we suppose that there are two crossings of W, and W, as seen from 
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a, on IV,, then this will persist for a,’ near a, ; and if IV, is assumed to 
depend analytically on its parameter, it follows that IV, is straight. 
This tends to support the n-curve conjecture for W insofar as its 
application to the n-particle interaction problem is concerned, to which 
we now turn. 
These considerations are perfectly accurate. However, they do not 
establish the n-curve conjecture for R n. However, they make it plausible, 
and make more plausible an application of that conjecture to n-particle 
interactions. We turn to this topic. 
4. RELATIVISTIC N-PARTICLE INTERACTIONS 
By ‘relativistic’ we mean invariant with respect to the PoincarC (alias 
inhomogeneous Lorentz) group. As emphasized in [l], but implicit in 
every approach to the subject, an N-particle interaction is a class of 
N-tuples of world lines, and this class of N-tuples depends effectively 
on 6N parameters. For N = 3, the class of triples (IV, , IV,, IV,) that do 
not satisfy our condition of nondegeneracy has dimension one unit smaller 
than 6N = 18. Hence, if the nondegenerate triples are all straight, then 
the remaining ones are also straight by continuity (cf. [3, footnote IO]). 
Thus, the geometric theorem of Section 2 provides a new proof of 
the theorem of Jordan and Shukre that a three-particle interaction, in 
which some of the world lines are not straight, cannot admit the 
momentum as a constant of the motion for every observer, with any set 
of nonzero masses. 
Our next topic is that of four-particle interactions in four-dimensional 
space-time. 
It will require an exploration into the situation of four world lines in 
R4. Since the dimension is now four, we cannot use the informal geometry 
employed in Section 3. 
The problem is as follows. Suppose a, , a2 , aa, a4 are points on 
world lines IV, , W, , IV,, IV,, respectively, and 
aI , a2 , a3 , a4 lie on some two dimensional plane in R4. (*I 
Now suppose the curves W, , W, , W,, W, are each slightly perturbed. 
Can we then find on the perturbed curves four points again satisfying * 
near the original four ? 
The analog of this question in two dimensions is: if WI, W, cross, 
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will the perturbed curves cross near the original crossing? To insure it, 
we must prevent the curves from being tangent. 
In three or more dimensions the problem is more complicated, and 
the required condition will evolve from the following analysis. 
Let all world lines be parametrized by their Minkowski arc-length 
adjusted so as to vanish with, and also increase with, the (time) coor- 
dinate x4. 
Let ,f*(~&) describe IV, . Then * means that the vector equation, 
(flh) -f4@4N x (fi(S2) -f&4)) x (f363) -.f4(s4N = 0, 
holds for some values si”, s20, sa”, s40. For the cross product here see 
Section 2. (Actually, we could just as well use the cross product based 
on the Cartesian metric.) Abbreviate,f,(s,) byf, . Omit also the crosses x , 
The equation just written can be expanded as follows: 
-f2f3f4 + fLfif4 - fifif4 + fifif3 = 0. 
Now perturb the functions fa . Can it still be solved ? Let us try the 
implicit function theorem. Our equation represents four scalar equations 
Tl = 0, T, = 0, T, = 0, T4 = 0. 
If the Jacobian 
@Tl j  T ,  > T3, T4) + o 
qs1 , J2 > s3 , s4) 
at siO,..., s40 when the perturbing parameter is 0, then there would be a 
(unique) solution for the perturbed curves. The Jacobian is in fact the 
determinant of the four vectors 
qasa4 - ula2a4 + ul"2u3, 
- u2a3a4 - alU2a4 + Qiu2Q3) 
-"2u3u4 + alu3a4 + a,a,u, > 
-a2a3u4 + ala3U4 - alQ2U4 
Far from being linearly independent, these vectors span at most a 
two-dimensional set of vectors. The trouble is with the lack of unique- 
ness, which happens not to interest us but interferes with using the 
implicit function theorem. 
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To make it easier to see how the situation changes with n, we will 
talk for a while in terms of n curves in n-space. Suppose W, is para- 
metrized by arc length as before. Now (W, ,..., W,) is presumably a 
part of a many-dimensional family of n-tuples, namely the entire 
interaction. (The dimensionality of the family is 2(n - I)%.) Let t 
denote this family-parameter and let .$ = 0 denote (symbolically) the 
n-tuple (WI ,..., W,). Then fU(sm , 5) gives the nearby members of the 
interaction. 
LEMMA. Suppose for s, = s,O we have exactly one plane of dimension 
n - 2 passing through the n points a, = fa(sao, 0). Let u, be the unit tangent 
to W, at a, . Suppose the n vectors, 
u n , unel , a,-, - al , 4-2 - al , . . . . a3 - al , a2 - al , 
are linearly dependent. Then there are positive numbers p and u and a 
neighborhood 7 of [ = 0 such that if sI ,..., @+, are within a distance p 
of al ,..., an-2 , respectively, and 5 is chosen in 7 then s,-~ and s, can be 
found with 1 s,-~ - sipI 1 < CT, / s, - s,O j < u such that there is a plane 
of dimension n - 2 passing through 
Proof. We want to solve the equation (or n - 1 equations) 
(fn(% , E) - aI> x (fn-l(L1 , t) - 4 x (G-2 - 21) x ‘.. x (G2 - aI) = 0. 
We first make p small enough so that 
- - 
u, , unpl , a,-, - al , a,-, - a, ,... , a2 - aI 
are still linearly independent if 1 aE - a, 1 < p. Then our n - 1 equations 
are equivalent to the two equations 
de+, ,fn(sn , 0 - a; ,fn--l(~,-l , 0 - CZ, , G-, - a; ,...I = 0, 
Wu,-, ,f&, , t) - zl ,fn--l(s,-l , 0 - a; , an-, - a, ,...> = 0, 
or more briefly dI = 0, d, = 0 . 
We evaluate the Jacobian 
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at s,-i = si-i , s,, = s,,O, 5 = 0. We see at once that 
(W~sn-l> = de+, , b, , u,-~ , h-, ,..., b2), 
where we use b, as an abbreviation for a, - a, . If this were 0, then b, 
would depend linearly on u, , u,-i , b,-, ,..., b, . From the existence of 
the plane, we know that b,, is also a linear combination of blLpl, 
b r&--2 ,...> b2 . Now there is only one representation of b,, in terms of u,~ , 
u n-l 7 b rr-1, b,-, ,..., b, because they are linearly independent. Hence, 
b,n would be a linear combination of b,_, ,..., b, . If this were true there 
would be more than one (n - 2)-plane through a,, a2 ,..., a, . Hence, 
the first entry in the Jacobian is not 0. 
Next, (M,/~s~) = det(u,, , u, ,...) = 0. Further, 
(&I,/~s~-~) = det(u,-, , b, , u,-~ ,... > = 0. 
Finally, (&.&/Q = det(u,,-, , u,, , b,,+l , blbp2 ,..., b,), and this is not 0. 
Thus, the Jacobian is not 0, and we can solve in the manner asserted. 
For the sake of convenience we use the following terms. When a, 
lies on W, (CY = 1, 2, 3,4) in R4 in such a manner that a,a2a3a4 lie on a 
plane of dimension 2, and moreover on exactly one such plane, and if 
u4, us, a3 - a, 7 a2 - a, 
are linearly independent, we say that aI , a2 , a3, a4 are a case of (3,4)- 
regular two-coplanarity. The (3, 4) indicates the special role played by 
W, and IV, . Of course, we could have (2, 3)-regular two-coplanarity, etc. 
Let us say that a four-particle interaction is analytic if the quadruples 
(IV, , IV, , IV, , IV,) in it depend analytically on the 24 parameters E 
constituting the initial position and velocity for some observer. In this 
case, if IV, , for example, is straight for a small interval, then it is 
altogether straight. 
THEOREM. Consider an analytic, Poincare’ invariant four-particle 
interaction in R4 in which there occurs a quadruple WI , W, , W, , W, in 
which there are two instances, 
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of regular two-coplanarity with a, = b, . Let the regularities be of type 
(1,k) and (I,Z) h w ere 2 < k, 1 < 4. Then if this interaction admits the 
momentum as an integral of the motion with some assignment of nonzero 
masses for every observer, then it must be the zero interaction. 
Proof. Let IV, ,..., W, correspond to t = 0 (this being a rather 
symbolic notation). Let p, (T, and v be as guaranteed by the lemma, 
serving for both instances of coplanarity. Thus, a1 and 6, can be chosen 
arbitrarily in the p neighborhood of a, and involved in new cases of 
coplanarity. We make 6, = &I = a. We next choose Z~ and gr so that 
the various determinants d(ar) of Section 3 are not 0. Thereupon the 
argument of Section 3 becomes rigorously applicable and shows that the 
Minkowski acceleration of WI is 0 at ir, . The condition on a1 is only 
that 1 g1 - a, / < p, so it follows that M1 = 0 for all the perturbed 
forms of WI allowed by having 5 in 7. Being analytic in 5, it follows that 
Mi = 0 and W, is always a straight line. 
We must still show that W, , W, , W, are also always straight. 
We choose a set (W, , W, , W, , W,) such that (W, , W, , W,) are 
nondegenerate in the sense of Section 2. Since WI is straight, the hypoth- 
eses of the theorem in Section 2 are satisfied ; whence, W, , W, , W, are 
straight. This proves the present theorem. 
5. CONCLUDING REMARKS 
If there were a nonzero four-particle interaction for which momentum 
is an integral, it would have the property that when one particle is far 
away, the other three practically ignore each other. This follows from 
the natural (although independent) requirement that as one world line 
in a N-particle interaction is constrained to be far away, in the sense of 
any one observer, the others tend to approximate an invariant (N - l)- 
particle interaction. 
Thus, the marginal utility to theoretical physics of a theorem on four 
particles is not very great. 
Turning to [w2, there is a two-particle invariant interaction in which 
momentum is an integral. The world lines are branches of equilateral 
hyperbolas [2, Theorem 8.61. We take m, = m2 = 1. Momentum is 
preserved by the converse of the two-curve theorem of Section 2, 
reformulated for the Lorentz-Minkowski metric. 
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